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Abstract 

An I? theory of differential forms is proposed for the Banach manifold of con- 
tinuous paths on Riemannian manifolds M furnished with its Brownian motion 
measure. Differentiation must be restricted to certain Hilbert space directions, the 
ff-tangent vectors. To obtain a closed exterior differential operator the relevant 
spaces of differential forms, the if -forms, are perturbed by the curvature of M. 
A Hodge decomposition is given for L 2 if -one-forms, and the structure of if -two 
-forms is described. The dual operator d* is analysed in terms of a natural connec- 
tion on the if -tangent spaces. Malliavin calculus is a basic tool. 

Keywords: path space, L 2 cohomology, Hodge decomposition, Malliavin cal- 
culus, Banach manifolds, Bismut tangent spaces, Markovian connection, ltd map, 
infinite dimensional, curvature, exterior products, differential forms. 

1 Introduction 

Background. We are concerned with the construction of an L 2 Hodge theory on path 
spaces with respect to a suitable reference measure and a collection of 'admissible' 
vector fields. Consider the space of continuous paths on a compact Riemannian 
manifold, over a fixed time interval [0,T]. Path spaces are Banach manifolds with 
the usual concepts of differentiable functions and differential forms, for example 
see Eells [|24|. Eliasson ll25l . Lang ll53l . They also have a natural measure, their 
Brownian motion, or Wiener measure. 
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ERB-FMRX-CT96-0075, Li from a Royal society Leverhulme Trust Senior Research Fellowshop, 
NSF research grant DMS 0072387, and support from the Alexander von Humboldt Foundation. 
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From the works of Bismut IfTOl , Leandre II461I , Driver 11201 and others following 
pioneering work by L. Gross 11431 in the classical Wiener space case, it seems the 
natural Sobolev differential calculus for functions on path spaces using such mea- 
sures is of differentiation in directions given by Hilbert spaces of tangent vectors at 
each point: essentially the tangent vectors of finite energy. These are the so called 
Bismut tangent spaces. The integration by parts formula given by Driver EUl , and 
subsequent results suggest that these notions will lead to a satisfactory, and use- 
ful, Malliavin type calculus in this context. However the construction of differential 
form theory using Bismut tangent spaces leads to difficulties even at the level of the 
definition of exterior derivative. This is because of the lack of integrability of Bis- 
mut tangent 'bundle': the Lie bracket of suitable Bismut tangent space valued vector 
fields does determine a vector field, but in the presence of curvature it no longer takes 
values in the Bismut tangent spaces. Several ways of getting round this problem have 
been formulated, and carried out, especially by Leandre |[55l ll56l ll58l who gave ana- 
lytical de Rham groups and showed that they agree with the singular cohomology of 
the spaces. See also [[571 . But we are not aware of any which have led to an L 2 the- 
ory with Hodge-Kodaira Laplacian on our path spaces in the presence of curvature. 
In flat Wiener space the problem does not arise and the L 2 theory was defined and 
shown to be cohomologically trivial by Shigekawa ll67l ll68l . See also Mitoma lloTll 
and Arai-Mitoma[5J . For Abstract Wiener manifolds, a class of infinite dimensional 
manifolds with an integrable Hilbert bundle of admissible directions, see Piech [|64l . 
For M a compact Lie group with bi-invariant metric the corresponding results were 
proved by Fang and Franchi 11401 , but using the Bismut tangent spaces obtained from 
the flat left invariant connection on M so the problem again is avoided. They also 
considered loop groups, [40J. For work done on 'sub-manifolds' of Wiener space see 
Airault-van Biesen [|4l,van Biesen ||69l and especially Kusuoka [fSTTl ll52l . Kazumi- 
Shigekawa [47]. These submanifolds were constructed to replicate loop spaces over 
Riemannian manifolds, with their natural "Brownian bridge" measures. For a gen- 
eral survey see Leandre [54], and for a more introductory article concentrating on the 
approach taken here, see [[371 . 

Let M be a compact C°° Riemannian manifold. For a fixed positive number T, 
consider the space C X0 M of continuous paths a : [0, T] — > M starting at a given 
point x of M, furnished with its natural structure as a C°° Banach manifold and 
Brownian motion measure [i Xo . For smooth differential forms there are the de Rham 
cohomology groups H^ eRham (C X0 M). C. J. Atkin informs us that the techniques of 
BTJIll can be extended to show that the de Rham groups would be equal to the singular 
cohomology groups, even though C X0 M does not admit smooth partitions of unity, 
and so trivial for q > since based path spaces are contractible. For related work, 
also see Lempert-Zhang [|59l on Dolbeault cohomology of a loop space. Since our 
primary interest is in the differential analysis associated with the Brownian motion 
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measure /x on C X0 M, which could equally well be considered on Holder paths of any 
exponent smaller than a half, we could use Holder rather than continuous paths and 
it is really only for notational convenience that we do not. In that case we would 
have smooth partitions of unity, see Bonic, Frampton & Tromba [11 J. However 
contractibility need not imply triviality of the de Rham cohomology groups when 
some restriction is put on the spaces of forms. For example if / : R — > R is given 
by f(x) = x then df determines a non-trivial class in the first bounded de Rham 
group of R. If / has value +1 for x > 1 and — 1 for x < 1 then df is non-trivial 
in L 2 -cohomology. In finite dimensions the L 2 cohomology of a cover M of a 
compact manifold M gives important topological invariants of M even when M is 
contractible, eg see Atiyah note also Bueler-Prokhorenkov lfT2l . Ahmed-Stroock 
ID, and Gong-Wang Ifl2ll . 

The Bismut tangent spaces H\ are defined by the parallel translation 

// t (a) : T, M -> T a(t) M 

of the Levi-Civita connection and consist of those v E T a C Xo M such that v t = 
l/ t {u)h t for h. E Lj 1 ([0, T]; T X0 M). To have a satisfying L 2 theory of differential 
forms on C XQ M the obvious choice would be to consider 'H-forms' i.e. for 1-forms 
these would be 4> with 4> a E (Hi)*, a E C X0 M, and this agrees with the natural H- 
derivative duf for / : C XQ M — > R. For L 2 q-forms the obvious choice would be cf> 
with E A 9 (Hl)*, using here the Hilbert space completion for the exterior product. 
An L 2 -de Rham theory would come from the complex of spaces of L 2 sections 

• • • 4 L 2 T A q (Hi)* A L 2 T A 9+1 4- . . . (1.1) 

where d would be a closed operator obtained by closure from the usual exterior 
derivative: for V 3 ', j = 1 to q + 1 C 1 vector fields, and <p a differentiable one-form: 

d(p (V 1 A • • • A V q+1 ) 

= ifn [<P (V 1 A • • ■ A V* A • • ■ A 

+^Ei< !<J <, + i(- 1 )' + ^ (iV*. ^]A^A...^A...yi-A Vo +1 ) 

_ (1.2) 
where [V\ V J ] is the Lie bracket and y j means omission of the vector field VK 

From this would come the de Rham-Hodge-Kodaira Laplacians dd* + d*d and an 
associated Hodge decomposition. However the brackets [V\ V^] of sections of H 1 
are not in general sections of H 1 , e.g. see Cruzeiro-Malliavin [fT8ll . Driver [2TJ, see 
also 031 . and formula (|1.2I) . below, for d does not make sense for 4> a defined only on 
A g Hl, each a, as mentioned earlier. 

Our proposal is to replace the Hilbert spaces A q Hl in (11.11) by a family of dif- 
ferent Hilbert spaces H^, q = 2, 3, . . . , continuously included in A 9 T a C XQ M, though 
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keeping the exterior derivative a closure of the classical exterior derivative on smooth 
cylindrical forms. 

In Elworthy-Li [32], for q = 1,2, we identified a class of Hilbert subspaces 7i q a , 
of the completed exterior powers A q T a C X0 of the tangent space T a C X0 to C XQ M at 
a path a which could be the basic building blocks of an L 2 de Rham and Hodge 
theory for C XQ M. We described H 2 without proof, proved closability of exterior 
differentiation on corresponding L 2 1 -forms, defined a self-adjoint Hodge Kodaira 
Laplacian on such L 2 1 -forms and established the Hodge decomposition. 

The article [33J both discusses some of the constructions here for more general 
diffusion measures and connections, and relates them to the Bismut type formulae 
for differential forms on M, IIBTI , see also [?]river-Thalmaier Driver-Thalmaier. In 
particular it shows that a very natural class of two-vector fields on C X0 M are of the 
type we consider here (i.e. are sections of Ti. 2 ). 

Main Results. Here we give a detailed analysis of H 2 and define H^. for q > 0. 
For q = 1, as a space H]. = H\. For flat manifolds, HI = A q Hl for all q and the 
standard Hodge decomposition theorem follows. However in general, the spaces H%. 
we construct are different from A q H, the exterior products of the Bismut tangent bun- 
dle. Sections of H q are called ii-q-vector fields and sections of (7Y 9 )* if -differential 
forms of degree q. In fact H 2 a is a deformation of A 2 iiJ inside h skew (Hl,Hl) by 
the curvature of M. As a Hilbert space H 2 is defined to be isometric to A 2 iiJ by a 
map involving the curvature of the so called damped Markovian connection on the 
Bismut tangent "bundle". Algebraic operations such as interior products acting on 
H-two vectors, and the exterior products of if -one forms, as well as the derivation 
property for the exterior derivative are shown to make sense. A Hodge decomposition 
is given for H-one-forms. In a sequel, Part II, we establish the analogous decompo- 
sition for L 2 2 -forms, and we show that the spaces H q a defined by suitable Ito maps 
X depend only on the Riemannian structure of the base manifold M. 

Organisation. The article is organised as follows: 

$2] Review of basic results concerning exterior powers of relevant spaces 

of tangent vectors to C Xo M. 

$3] Special Ito maps and the definition of H q . 

SI Characterisation of H 1 and H 2 . 

£J5J H-one-forms: exterior differentiation and Hodge decomposition. 

£j6j Tensor products as operators: algebraic operations on H-one forms . 

J7] The derivation property of d 1 . 

$8] Infinitesimal rotations as divergences. 

£j9j Differential geometry of the space H 2 of two-vectors. 

Appendix A. Conventions. 

Appendix B. Brackets of vector fields, torsion, and d<p(v l A v 2 ). 
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In $2] we discuss the various completed tensor products of tangent, and other 
spaces which we will use. Properties of these relating to tensor products of abstract 
Wiener spaces are used in order to define our spaces H q in §|3] The aim is to show 
that these constructions are well behaved and have interesting geometry. 

One of the main results, see SJU is a characterisation of H 2 as a perturbation of A 2 H 
by a curvature of the Levi-Civita connection on M. Write H a = H^, then 

Hi = (.I + QJA 2 H a (1.3) 

for some operator Q a on A 2 T a C XQ . Equivalently 

u E H 2 if and only if u - R(u) G A 2 H 

where R is identified in §9 as the curvature of the damped Markovian connection on 
the if -tangent spaces. 

In $5]we rapidly recall the results concerning closability of our exterior derivative 
on H-one-forms and the Hodge decomposition for H-one-forms. 

The remainder, the main part, of the article is an analysis of the space H 2 , its 
associated H-two-forms, and the adjoint of the exterior derivative, an operator from 
H-two-forms to H-one- forms, together with the corresponding divergence opera- 
tor from two-vector- fields to vector fields. In $6] it is shown that the exterior prod- 
uct of two H-one- forms is naturally an H-two form, and the interior product of an 
H-two form with a H-one form is a H-one form. The operator Q has image in 
£ s kew(H; H), which implies an element of H 2 ^ can be considered to be an element 
of CskewiHo-; H a ), c.f. Corollary 16.21 although in general it is not compact and so 
not in A 2 H a . In J7]a corresponding derivation formula for the exterior derivative of 
H-one-forms, Theorem |7.11 is shown to hold. 

In $8] it is shown that the elements of the image of suitable smooth sections of 
A 2 H by Q "have a divergence" in the sense of satisfying an integration by parts 
formula and a formula is given in 18. II for divQiV 1 A V 2 ). Vector fields which are 
not H- vector fields also make their appearance, especially as Lie brackets. The lat- 
ter involve infinitesimal rotations which "have a divergence", and in their case the 
divergence is zero. It is natural to ask if they themselves are divergences, in this ex- 
tended sense, of some two- vector field. In ^8] this is shown to be true in a wide class 
of adapted situations on flat Wiener space, Proposition 18.21 This has independent 
interest, but it is extended, in Theorem 19.31 to show that the torsion of the damped 
Markovian connection when applied to suitable non-anticipating H-vector fields is 
the divergence of the perturbing factor in the definition of H 2 : 

divQiu 1 Au 2 ) = -T(it\u 2 ), (1.4) 
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Here T is the torsion of the damped Markovian connection W. This helps explain the 
"cancellation" of the bracket occurring with our exterior derivative, and fits in with 
the result of Cruzeiro-Fang, [16J, concerning the vanishing of the divergence of such 
torsions. The damped Markovian connection, introduced by Cruzeiro-Fang, |[T6l . 
plays an important role here, as it did in ll36ll . As in ll36l we introduce it by giving 
a Cid([0, T]; 0(n))-bundle structure to Tt. This is done in $9] Here we also relate 
the divergence of our H-two-vector fields to the adjoint of the damped Markovian 
covariant derivative in a non-anticipating situation, Corollary 19.71 For suitable non- 
anticipating U, V, 

W*(U A V) = div(I + Q)(U A V) (1.5) 

We also describe the curvature of the damped Markovian connection in £j9f), to 
establish our claim that H 2 is a perturbation of /\ 2 1H} using this curvature opera- 
tor, Theorem |4.3r iii). In £j9p we essentially show that E) 21 H-two-forms are in the 
domain of the adjoint of d 1 , extending the result for one-forms proved in 11361 . 

List of symbols. 

C X0 M or C xo — space of continuous paths over M starting from x . 

T a C X0 M, or T a C X(i — tangent space at o to C X0 M. 

Ti^ or H a — Bismut tangent space, a Hilbert space included in T a C X0 . 

H 1 or H — corresponding Bismut tangent "bundle", UHl 

H 2 — vector "bundle" with fibres H 2 a C A 2 T a C Xo M. 

YB — sections of a vector bundle B. 

L 2 TB — L 2 sections of a vector bundle B. 

C R m — Wiener space with Wiener measure P, the canonical probability 
space. 

Lq — For G a Hilbert space, this is {h : [0,T] -> G such that / Q T \h s \ 2 ds < 
oo}. When G = R m , this is the Cameron-Martin space, denoted by H. 

dt,t>0) — a Brownian stochastic flow of diffeomorphisms of M 

T£ t — space derivative of £ t . 

IX — Brownian motion measure, also called Wiener measure, on C XQ M 

X — the Ito map induced by (£t(xo), t > 0), T(uS) := £.( x 0i UJ )- 
TX — H-derivative of the Ito map. 

jrx — a ig e b ra generated by (Ct( x o)i t > 0) on M. 

f(a) — conditional expectation of / given X = a, a E C XQ , e.g. TX a . 
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Wl — Weitzenbock flow of q- vectors, equation (14 .lb . 
W iq)S t — Weitzenbock flow starting from time s. 
Wt — damped parallel translation, W t = W{ . 

L 2 T a C X0 — the space of L 2 tangent vectors at a, Definition 14. II 

W — isometry between H 1 and L 2 TC X0 , equation (14.31) . 

C(Ei, E 2 ) — the space of continuous linear maps between Banach spaces 

C 2 (Hi] H 2 ) — Hilbert -Schmidt maps between Hilbert spaces. 

1Z, lZ q , Ric — Respectively the curvature operator, the Weitzenbock curvature 

on q forms, and the Ricci curvature on M. 

2 Exterior Powers; Notation 

For convenience the conventions we use for tensor products, exterior powers etc. are 
gathered together as an Appendix. Please note that they differ from those used in our 
previous articles, such as 11321 . 

A. All linear spaces are over R. We shall deal with tensor products of Hilbert 
spaces and of Banach spaces of continuous paths. For any linear space E let ®^E 
denote the g t/l -algebraic tensor product of E with itself and /\^E the linear subspace 
of antisymmetric elements. For infinite dimensional Banach spaces E we will need 
completions of these spaces, e.g. see Ruston ll65l or Cigler-Losert-Michor [fl4l : 

(i) When E = T a C X0 or C R m let &E and A q E denote the completions using 
the largest cross norm, i.e. the projective tensor products, 

n n 

\\v\\ n = inf | ||aj|| where v = a« ® h, hi 6 E,n < oo|. 

i=i i=i 

(ii) When E is a Hilbert space H, let ® q H and A q H denote the standard Hilbert 
space completions, (so ® 2 H can be identified with the space of Hilbert-Schmidt 
operators on H). 

(iii) In general let ® q E and A q E refer to the completions with respect to the small- 
est reasonable cross norm, i.e. the inductive cross norm, 

||w|| e = SUp \\u* <S> V*(w)\\. 

\u*\<l,\\v*\\<l,u*,v*eE* 
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We shall use the natural inclusion maps as identifications and so consider 

® 9 Q E C ® q E C ®%E. 

Thus a differential g-form on C X0 M which by definition gives a continuous 
antisymmetric multi-linear map (fi a : T a C X0 x ■ ■ ■ x T a C X0 — ► i?, Lang ll53ll , can 
equivalently be defined as a section of the bundle £ (A q TC Xo ; R) with fibres the dual 
spaces {A q T a C Xo )% a eC Xo M. 

B. If S : Ex — > -E2 and T : Fi — > F 2 are two linear maps of linear spaces, there is the 
induced linear map S ® T : Ei®oFi — > E% ®o F 2 . The Banach space constructions 
are functorial so that if S, T G £ (C R m ; T a C Xo ) then 5 <g> T determines a continuous 
linear map of the completed tensor spaces ® 2 C R m to ® 2 T a C X(s M and if £ = T 
we have its restriction A 2 S : A 2 C R m -> A 2 T a C XQ M, Ruston p63 (65l and Cigler- 
Losert-Michor lfl4l : with the corresponding result for the inductive tensor product, 
for the Hilbert space case, and for q > 2. There is also the estimate on operator 
norms 

lis 1 ® •••®S' 9 || < us 1 )] \\s 9 \\ 

so that in particular 

II A 9 S|| < \\S\\ q 

in all of these cases, see Ruston [65 J and Cigler-Losert-Michor |fl4l . 

2 1 

For example let H = L ' R m be the (Cameron-Martin) Hilbert space of func- 
tions h : [0, T] -> R m of the form h t = f* h s ds with h G L 2 ([0, T]; R m ) and inner 

product (h 1 , h 2 ) = Jq (h], h 2 s )vi m ds. Thus the indefinite integral 

I : L 2 ([0,T];R m ) -> # 

is an isometry with inverse which we will write as 

j:H-+L 2 ([0,T]);R m ). 
From this we obtain the isometry 

with inverse 

A 9 ( ^ j : A 9 Lq 1 R m -> A 9 L 2 ([0,T]);R m ). 
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C. We will regularly make use of the well known isometries 



ICnR" 



C ([0,lT;® 9 R m ^ 



where the right hand side consists of those continuous a : [0, T] q — > &R m for which 
a(ti, . . . , t q ) = if tj = for any j. For example see Cigler-Losert-Michor lfT4ll p66. 
For V G ® q C R m , write 



tl,...,tq 



P (V)(t u ...,t q ). 



Let ev t : CoR m — > R m be the evaluation map at time £, then 



ti,...,t„ 



(ev tl 



ev t jy. 



Also note that such V" lies in A q £ C R m if and only if p(V) : [0, T] g 
commutes with permutations, i.e. 



)"R m anti- 



for any permutation 7r on {1, . . . , q} with S n the induced action on ^R™. If so 

V t ,...,t G A 9 R m 

and 

K 1)t2 ,... )t2 eR m ®A ? - 1 R w 

etc. From this we see that elements of A|C*oR m and hence those of the smaller spaces 
A 9 C R m are determined by their values on the simplex < t\ < ■ ■ ■ < t q < T. 

Similarly, to any V e & £ T a C XQ we have V tl _... )tq e T ati M ® ■ ■ ■ ® T atq M cor- 
responding to an isometric isomorphism of ® q £ T a C X0 with the space of continuous 
maps V. on [0, T] q such that 



[0,TY 



commutes and V u t 



V 



a. x • ■ ■ x a. 



l q TM 



TV 



M x ■ ■ ■ x M 



when tj = for any j. 



2 1 

D. By functorality the inclusion i : L ' R 
linear inclusion ® q i : ® q H — » 
only if 



CqR™ gives rise to a continuous 



CoR m . From §B we see that V E Image ® q i if and 

t 2 



o 



ds\ . . . ds q , 



(2.1) 
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(h, . . . , t q ) G [0, T] q , for some U. G L 2 ([0, T] q ; ®R m ). Here we use the isometry p 
of ® 9 L 2 ([0, T]; R m ) with L 2 ([0, T]«; <g> 9 R m ). In fact the [/. in the above formula is 
just p {® q {j)V) or equivalently U tl ,..., tq is the weak derivative dt ^ dtq V tl ,..., tq . 

E. Given a bounded linear operator S : E — > F of Banach spaces there is also 
the functorial construction 

(cfe 9 )0S) : ><g>gF 

defined by linearity and 

((rf® 9 )(,S))(e 1 ® ■■■®e q ) 
= Sie 1 ) <g> e 2 <g> • • • <g> e q + e 1 <g> S(e 2 ) <g> • • • <g> e q H h e 1 <g> e 2 <g> • • • <g> SV). 

This is just a sum of operators described in §B and so extends over the relevant 
completion. The same notation will be kept for these extensions. 

Note that if V is in ® q H then ((d® q )(± )) (V) is in ® q L 2 {[0, T]; R m ) with kernel 

((d® ff )A)(V) fa ,.. >t , = ^| : V tl> ...,t.. (2.2) 

The restriction (dA 9 (,S)) of (d ® 9 (5)) to A q E has the form 

(dA q (S)) (f 1 A f 2 A • • ■ A w 9 ) 
= SV) A w 2 A • • • A v q H h f 1 A f 2 A • • • A S(v q ) 

and for g = 2 

(dA 2 (S)) (v 1 A f 2 ) = i {.V <g> w 2 + <g> Sv 2 - St; 2 <g> - v 2 <g> St; 1 } . 

In general we shall use | | to denote norms of finite dimensional spaces. || || for 
infinite dimensional spaces, with | | for spaces such as L 2 (f2; R n ), or L 2 (C XQ M; R), 
where integration over probability spaces are involved. 

3 Special Ito maps and the definition of H% 

A. Take a surjective C°° vector bundle morphism, X : R m — > TM, of the trivial 
R m bundle over M onto TM, for some m > n = dimM. Suppose that X induces 
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the given Riemannian metric on M and let Y be the R m valued 1-form such that 
Y x = X(x)* : T X M -> R m . For U a vector field and v G T X M, set 

V«tf = X(x)d [y -> K y E%)] («), (3.1) 

as in Elworthy-LeJan-Li[29| [30], where it was called LW connection for X. Sup- 
pose that the connection V is the Levi-Civita connection. Take (B t ) to be the canon- 
ical Brownian motion on R m with probability space CoR m and Wiener measure P 
and consider the stochastic differential equation on M 

dx t = X(x t ) o dB t , < t < T. (3.2) 

Then the solutions are Brownian motions on M. Let /i xo be the Brownian motion 
measure on C XQ M, the probability distribution of the solution starting from x . An 
example is the gradient system induced from an isometric immersion a : M — > R m 
with X(x) : R m — ► T X M defined to be the orthogonal projection for each x G M. 
Another class of examples arise from symmetric space structures on M, see lf3~0l . 
For our fixed x in M there is the solution map, or ltd map, 

1 : C R m -> C X0 M, 

of dXU) defined by 

X(u) t = x t (u), u G C R m , 

where x t is the solution starting at x - Thus X*(P) = /j Xo . This Ito map has an H- 
derivative in the sense of Malliavin calculus which is a continuous linear map from 
the Cameron-Martin space H = Lq 1 R m , 

TJI : H — > Tx(w)C Xo , 

for almost all u G C R m . Thus for h G H and < t < T we have Tl(h) t G T Xt M, 
a.s. 

B. Let {6 : < t < T} denote the flow of <E3 so J(cu) t = x t (w) = ^ t (x , w). It 
can be taken to consist of random C°° diffeomorphisms £ t : M — > M with derivative 
maps : TM -> TM, so that T^^ G C (T Xo M; T Xt M). 

Take h E H. Set t> t = TX(h) t . Bismut showed that v. satisfies the covariant 
equation along the paths of {x t : < t < T} 

Dv t = S7 Vt X o dB t + X(x t )h t dt (3.3) 

with solution 

v t = T£ t J (T^y 1 (X(x.)h.} ds (3.4) 
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Lemma 3.1 05] |30l/ TTzere ?5 a canonical decomposition of the noise {B t : < t < 
T} given by 

dB t = J/tdBt + J/tdPt (3.5) 

where 

(i) {B t : < t < T} is a Brownian motion on the orthogonal complement 
[kerX(xo)]" 1 " of the kernel ofX(x ) in R m ; 

(ii) {P t '■ < t < T} is a Brownian motion on kerX(xo); 

(Hi) for each t > 0, jj t ■ C XQ M —>■ 0(m) is a measurable map into the orthogonal 
group ofW n with // t (a)[kerX(x )] = kerX(a t )for p, Xo almost all a e C Xo M. 

N.B. We will regularly consider random variables on C Xo M, such as // t , to be 
random variables on C R m by taking their composition with X. For example the 
stochastic equation (13.51 ) above is to be interpreted that way. Moreover let T x ° be the 
er-algebra on C R m generated by X with {J-f , < t < T} the filtration generated by 
(x s : < s < T). Then we can, and often will, consider T x ° -measurable functions 
as functions, defined up to equivalence, on C XQ M. 

Let JF S be the cr-algebra generated by {(3 t : < t < T}, and T B that generated 
by {B t : < t < T}. From Elworthy-Yor (351, Elworthy-LeJan-Li D30l we know 
that 

(a) . .P 3 and T B are independent and 

(b) . T B = T X °. 

(c) . Equation (13.31 ) can be written as the Ito equation 

Dv t = V Vt X (f/tdp?) - ^Ric*(v t )dt + X(xt)h t dt. (3.6) 

where Ric* : T X M — > T X M corresponds to the Ricci curvature by (Ricf(u 1 ), u 2 ) = 
RicCti 1 , u 2 ) for u 1 , u 2 in T X M. 

We shall often write covariant derivatives such as V^X as VX(v) so VX (v) o dB t 
is just V^X o dB t . 

D. We first show that A g T w I take values in the exterior product space A q TC Xo 
rather than just in AfTC 10 . Recall that a continuous linear map of H to a separable 
Banach space E is ^-radonifying if it maps the canonical Gaussian cylinder set mea- 
sure of H to a Borel measure on E. The 2-summing norm of an operator A : E —> E 

is 2 

7T 2 (v4) = SUp 

{x„}ci? sup|| u || =liMgjB * (u(x n )) 
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Lemma 3.2 For almost all uo G C R m the map 

TJX : H — > Tx(ui)C XQ 

is ■y-radonifying. Its operator norm \\TT\\ is in L p (CoR m ) for 1 < p < oo as is the 
2-summing norm of its adjoint. 

Proof Note that a : h i-> / "(T^) -1 X(x,)(^ a )da maps # to L 2 /(T XQ M) and is 
continuous linear; almost surely. The inclusion z : L ' 1 (T 3 . M) — > C T X0 M is 7- 
radonifying. Write TT = T£. ojoa. Then the first result follows by composition 
properties of 7-radonifying maps and continuity of T Xo £. : C T Xo M — > T x , {u)) C Xo . 
The p-th power integrability of the operator norms come from the corresponding 
properties of T£ t and (T£ t ) _1 , e.g. see Kifer [|48l . For the 2-summing norm apply 
Schwartz's duality theorem ||66l to see that the adjoint of the 7-radonifying map i 
is 2-summing with norm 7r 2 (i). Then use the composition properties of 2-summing 
operators to estimate the 2-summing norm 

VT2((TJ)*)< ||a*|| 7r 2 (f) \\(TZ t )*l a.s. 

Then apply the integrability results again to see the norm is in LP . ■ 

Theorem 3.3 For almost all uj the map A q T^I can be considered as a continuous 
linear map 

A« (TJT) : A q (Lq 1 R m ) — > A« (T^C^) . 
Moreover the operator norms lie in L p (CoR m )for 1 < p < 00. 

Proof. This follows from Lemma 13.21 and results of Carmona & Chevet |fT3l espe- 
cially their Proposition 3.1 and Lemmas 3.1 a version of which is stated below as 
Lemma l3~4l Although they only deal with tensor products of two maps the lemma 
shows that the result holds for general q by induction. ■ 

Lemma 3.4 (Carmona & Chevet) Consider separable Hilbert spaces H and K and 
separable Banach spaces E and F. Let T : H — > E be 7- radonifying and S : K — > 
F bounded linear. Then S ®T : H <g> K — > E ® v F is a bounded linear map into 
the projective tensor product. Moreover 

\\S®T\\ <K2<T*)\\S\\ 

where 7r 2 (T*) denotes the 2-summing norm of the adjoint of T. 

The conditional expectations of these operators can be defined as in Elworthy-Yor 
[1331 , Elworthy-LeJan-Li [|30ll , to give bounded linear maps, defined almost surely, 

A" {TX)(u) : A q H — > A q {T X{u3) C Xo ) . 
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For example 

A« {TX)(u) := E {A q (T W X) | :F* } (w) 

is given by 



A«(TX)(u)(h)t = (A q // t ) E { A 9 A q (Tl t (h) \ T xa } (w). 

For /i Xo almost all cr e C Xo M we have also 

(a«(TJ)) ct : A"# — > A 9 (T<jC Xo ) 

given by 

(a<? (TX)) (/i) := E { A q (T. J) (/i) | X = a } . 
Note the inequalities 



A" (Tl)(u)(h) < E{\A q (T.l)(h)\ \J rxo }{uj) a.s. 
< K\\A q (T u l)\\ \h\ a.s. 



which give L p bounds for operator norms of A q (TX), q — 1,2,.... 

E. Definition of HI, H-q- vector fields and H-q-iorms. We can now define H^, 
for almost all a £ C Xo M, to be the image of A q (Tl) a in A q T a C Xo together with the 
inner product induced by the linear bijection 



A q Tl al : [kerA 9 (TX) ] — > H^. 

Thus the are Hilbert spaces with natural continuous linear inclusions L a , say, into 
theT a C Xo . 

Denote by W = U a 7il the "vector bundle over C Xo M" with fibres U q a , and 
(Ti. q )* the corresponding dual "bundle". Set H = H°°. Since these are only almost 
sure defined it is not strictly speaking correct to consider them as bundles over C Xo M 
though some vector bundle structure is given to H in [|36l see also $9] below. The 
space of L 2 sections of H q and H q * are denoted by L 2 TH q and L 2 YW*. Sections 
of (J-L q )* or of (H q ) will be called H-q-forms (or admissible g-forms), or H-q-vector 
fields respectively. Note that any q-form on C X0 M restricts to give an if-g-form. 

4 Characterization of H 1 and H 2 



A. 'Damped parallel translations' W{ will play an essential role. For a g-vector 

Hro J 



v e A q T X0 M, define W ( t q) (V) e A q T xt M to be the random q- vector satisfying 



^-W} q) (V) = ~R? W t {q \V), < t < T (4.1) 
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where lZ q G Hom(A 9 TM; A q TM) is the Weitzenbock curvature term deinfed by 
K = A-traceV 2 , see e.g. Airault [3|, Elworthvll2~6ll. Ikeda-Watanabe(431. Elworthv- 
LeJan-Li QUI . El worthy-Li-Rosenberg (38l . Malliavin [|60l . Here (14.11) is a co variant 
equation along the paths of our solution {x t : < t < T} to (13.21) . 

For q = 1 write W ( for Then W t : T X0 M -> T Xt M is the Dohrn-Guerra 

translation given by 

^W) = -ii«c# , o < t < t. 

Write 

E> D , 

= W t — Wf 1 
dt dt 

acting on suitably regular vector fields {v t : < t < T} along the paths of {x t : < t < T}. 
Then 

— = — + -Ric*, 
dt dt 2 



c.f. Fang, formula (1,3), in Fang [39J and Norris [62J. 

Definition 4.1 For almost all paths to, define the L 2 tangent space L 2 T a C XQ to con- 
sist of those paths u : [0, T] — > TM over a with 

//AgL 2 ([0,T];T Io M) 

together with its natural Hilbert space structure. 
It was shown in [28], see also (321, (301 that 

Tim = W t (X(x.)h) (4.2) 



where 

is defined by 
Note that 



W : L 2 T X C XQ — > T X C XQ 

(W(u)) t = W t f (Wr)- 1 (u r ) dr. (4.3) 
Jo 

^(W(u)) t = ut, m G L 2 T X C X0 . (4.4) 
Thus, as shown in flU, 01, 

^ = {t; G T a C Xo : //.-V G L^' 1 (T X() M)} (4.5) 
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with inner product 



(*\t>V = l T (f/s,f/ s )ds (4.6) 



so that j : — > L 2 T a C XQ is an isometric isomorphism with inverse W for almost 
all er G C XQ M. Thus it agrees as a Hilbertable space with the usual Bismut tangent 
space, though the inner product is not the one originally used. Using the same nota- 
tion, by $20 we note that a vector u of A 2 T a C X0 M is in A 2 H a if and only if there 
exists k E A 2 L 2 T a C X0 M so that 

u s>t = (A 2 W)s,tk, 

or written in full, 

u s , t = (w t jf (W r J-\-)dn A W t jf {W r2 y\-)dr^j k rur2 . (4.7) 

If so k s t = £ ® §m or equally £ = A 2 fii. 

B. More generally let L 2 (A q TM) a and C (A 9 TM) ct denote respectively the 
spaces of L 2 and continuous paths vanishing at 0, u : [0, T] — > A q TM over a. Define 



by 



(W (<7) (\/)) 4 = / (V^dr (4.8) 

= I W iqy t (V r )dr, (4.9) 
Jo 



where 



is the solution to 



jW^ s t (V) = -hl q (W^ s t (V)) , 8 < t E [0, T] (4.10) 

with = Id : A q T as M -> A q T as M. Write W* for and observe that 

>V (1) = W. For simplicity we shall write W ( t 9 \V.) for (>V (<z) (K)) t - 
Set 

^L>\ 1 „ 



dt V dt / 2 
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acting on g-vectors on M along a sample path a. Then as for q = 1, and for W t (9) 
defined by (14.101) : 

E-v t t = w^Uwl q) r l v t t 

dt '-' * dt 

and the inverse of ^ is 



d- 



W iq) [ W$ q \ev r -)dr = W q 
Jo 



where ev r , generically, denotes the evaluation operator at r. Furthermore let TZ : 
A 2 TM — > A 2 TM be the curvature operator. Then the second Weitzenbock curvature 
TZ 2 is given by 

TZ 2 = d A 2 (Ric # ) - 21Z. 
Therefore using (TX2l> . for V G A 2 T a C X0 M, 

E) (2) // D \ \ 

—V t , t =^)(-))v) tt -n l V t ,,), (4.12) 

whenever all the terms involved make sense. In the above we have identified jxV t;t 
with (d A 2 R-\ (V)t t t where the first refers to covariant differentiation of the 2- vector 
field {V t ,t ■ <t <T} along a obtained from the element V in A 2 T a C XQ . 

C. In this section we shall discuss a system of equations related to the conditional 
expectation of the Ito map. First note that the curvature operator TZ on the manifold 
M induces a linear map Q a on A 2 T a C XQ given by 

Q*(G) 8tt = (1 ® Wf) Wf [ (W™)- 1 (lZ ar (G r>r )) dr, s < t. (4.13) 

Jo 

Equivalently, 

Qa(G).,t = {W s ® W t ) (aHW.-'W™ jT (Wf) -1 (7e CTr (G r>r )) dr" 



min(s,t) 



Clearly 



a®S)g(G)-,t = o, 

^Q(G% S = 7e(G s , s ). " 1 } 

The second equation is equivalent to (d A 2 j-) Q{G) StS = TZ((I + Q)G) SjS . Define 
3g '■ [0, T] — ► T Xo M ® T XQ M by 

j G (s) = (W7 1 ® W7 1 ) Wf> f (Wf)" 1 (7e CTr (GV)) dr. (4.15) 

./o 
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Then j G is C 1 and 



If we set 



{W- 1 ® Wf 1 ) Q a {G) st = j G (s At). (4.16) 



u G A 2 T a C X0 such that 



D (/\ 2 t C ) = I (1) fOT eaGh ° " S < T " t ^ (Z/*" 1 ® ^ is 
' ' > absolutely continuous on (s,T]; 

(2) r i — > A 2 (// T T 1 )n r r is absolutely continuous on [0,T] 

then Q(G) clearly lies in D(A 2 T a C X0 ). There is another linear map R on A 2 T a C XQ 
defined by: 

R(Z) M = (W s ® Wt) / (A 2 ^- 1 ) (Z r , r )) dr, s < *, (4.17) 

Jo 

which also sends A 2 T a C Xo M to D(A 2 T a C Xo M). Furthermore, from equation ( 14.121) 
(l®£)R(Z). t = 0, s<t, 



*S^(Z) SjS = n as (Zs,s-mz) s ,s). (4 ' 18) 

In fact 1+ Q and 1 — R are inverse of each other as described in the following lemma. 
It will be shown later, £02, mat R restricted to h^Ji} is the curvature operator of 
the damped Markovian connection on H 1 which is induced by the map ? from the 
pointwise connection on the L 2 tangent bundle L 2 TC — Xq, 

Lemma 4.2 (i) Given G G D (A 2 T a C Xo ), there is a unique solution Z G D (A 2 T a C X0 ), 
to the following equations 

(l®g)3,,t = (l® §)<?.,*, 8<t, 

^Z s , s = (((dA 2 )mG) ss (4.19) 

Zo,o = Geo- 
77ze solution is: 

Z s ,t — G s j + Qcr(G) s J- 

Conversely for each Z G D (A 2 T a C XQ ) the unique solution to A4.19\ ) is given 
by: 

G = Z - R(Z). (4.20) 

( ii) As operators on A 2 T a C XQ M both Q and R are compact and 1 + Q and 1 — R 
are mutual inverses. In particular for all v in A 2 T a C Xo M, 

Q(v) = U(v + Q(v)), 

Q(l + QY l v = R(u). 
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(Hi) The following holds on D (A 2 T a C Xo ): 

(A 2 W~ 1 Z) s j - (A 2 W~ 1 Z) sAt = (^W^G)^ - (A 2 W~ 1 G) sAt , (4.21) 
which is equivalent to, for r < s <t, 

Z r>t - (1 ® W t S ) Z r:S = G r , t ~ (1 ® W/) Z r , s . 

Pnw/. Given G E D (A 2 T a C X() ), Z = (1 + certainly solves dQ9b . For 

uniqueness let Z be any solution in D(A 2 T a C Xo ). Solve the first equation in (14.191 ) to 
get 

= G s>t + (W s <g> W t ) , s < * (4.22) 

some j(s) G A 2 T ao M. Then 

= + (W 8 ® W s ) (i(s)) . (4.23) 

In particular (VK S <8> W a ) (j(s)) is absolutely continuous in s. Substitute the above 
equation (14.231) into (14.191) and use (14.121) to see 

E> (2) 

-^(W s ®W s )(j(s))=K(G SjS ), 

giving 

(W. <g> W.) (](S)) = WP f (WjP)' 1 (Jl„ r (G r , r )) dr. 

Jo 

Thus j(s) = j'g(s) and uniqueness holds by formula (14.161) . 

Similarly given Z e D (A 2 T cr C Xo ), (1 - R)(Z) is seen to satisfy (|4~T9~1) given 

Z eD(A 2 T a C X0 ). 

Now using the isometry between ® 2 C Q T Xo M and C ([0, T] 2 ; <g> 2 T XQ M) and the 
Arzela-Ascoli theorem applied to (s, t) \— > j(s, t) for a bounded set of G, we see that 
Q : A 2 T a C X0 M — > A 2 T a C X0 M is compact. Therefore 1 + Q has closed range. Since 
we have just seen that its range contains all Z in the dense subspace D (A 2 T a C Xo ) it 
is surjective and so an isomorphism. By equation (14.201) its inverse is 1 — R and so 
R is compact. The rest of parts (i) and (ii) follow directly. 

Part (iii) follows from (14221) and d4T2~3l . ■ 

See $6]below for a more detailed examination of Q(V). 

D. The following theorem gives alternative descriptions of the space H 2 . 

Theorem 4.3 For any h 1 , h 2 e L 2 A R m , set h = h 1 A h 2 . Then 

A^TTih) = (1 + Q) A 2 TT(h). (4.24) 

In particular the space TL 2 a = { A 2 TZ CT (/i), h e A 2 H} can be characterised by either 
of the following: 
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(i) 



u G D(A 2 T a C Xo ), such that there exists G G 7i\ A H^, with 

nl = \ ((i®S)«). lt =((i®S)G). tt , 

anJ ^ Ms , s = (((dA 2 ) f ) G) ^ s ^ T 



> . 



(ii) 

7Y 2 = |w6 A^T a C Xo , such that u = v + Q a (y), some v G A Ti 1 ^ , 
and for Vi,v 2 G A 2 7iJ., by definition, 

{v x + Q a {v 1 ),v 2 + Q a (v 2 )) n = (v\v 2 ) A 2 Hl . (4.25) 

(Hi) ueTi 2 if and only if u - R(w) G I^H 1 . If so 

\\u\\ H 2 = \\u -R(M)|| A 2 W 1. 

In particular Ti. 2 depends on the Riemannian structure of M but not the choice of 
stochastic differential equation ( 13.21) provided its LeJan-Watanabe connection in the 
sense of Elworthy -he Jan-Li l[2$\I is the Levi-Civita connection. 

Proof For h 1 A h 2 G L 2 / (R m ), write V 1 A V 2 = (A 2 TJ) (h 1 A h 2 ). Then applying 
Ito's formula in t for < s < t < T with D t referring to covariant stochastic 
differentiation in t, 

(1®A) {v l AV 2 ) s t 

= l -V} ® (Vx (V 2 ) odB t + X (x t ) {h 2 ) dt) 

- l -V 2 ® (Vx (V?) odB t + X (x t ) (hi) dt) 
= l -V} ® (vX (V 2 ) f/tdfo - \mc* (V 2 ) dt + X (x t ) (h 2 ) dt 



- l -V 2 ® [VX {V, 1 ) l/ t d(3 t - l -Ric* (V t l ) dt + X (x t ) [h]) dt 
(1 ® VX(-)// t d(3 t ) (V 1 A V 2 ) st -{l® l -Ric* (-)J (V 1 A V 2 ) gt dt 

+ l - (yl ® x ( Xt ) (h 2 ) -v 2 ®x ( Xt ) [h])) dt. 
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Write V 1 A V 2 for the conditional expectation of V 1 A V 2 with respect to T X( >, and 
similarly let V stand for the conditional expectation of V % with respect to T XQ . Then 
by CLU), following Elworthy-Yor [[H, and gU) 

(1 <g> A) (V 1 A V 2 ) t = - (l <g> ^ic # (-)) (V 1 A r 2 ) t dt 

+1 (F^x^-F^x^ 1 ))^. 

This is equivalent to 



l ® — ] ( r a i " 



D 

) ( \ A 1 ) 

On the other hand Ito's formula, applied to the 2-vector field {V^ AV t 2 , <t <T} 
along cr in M, gives 



A W A v t) = Vt A (VX (V t 2 ) odB t + X (x t ) (hf) dt 

+ (vx (y/) o ds t + x (x t ) (hi) dt) a v t 



Change to Ito differentials and decompose the noise recalling that VX vanishes on 
[kerX] x : 

A {V t l A V 2 ) = Vt A (VX (V?) (// t d(3 t ) - l -Ric* (V t 2 ) dt + X (x t ) (hf) dtj 

+ (VX (V t l ) (// t d(3 t ) - l -Ric* (V t l ) dt + X (x t ) (hi) dtj A V 2 

1 m 

+- £(vx*avx*) i V t AV t 2 ) 

1=1 

= (rfA 2 (VX(-)(/ArfA)))(^A^ 2 ) 

-(dA 2 {^-mc* {-))) (v t ^v 2 ) dt 

m 

+ ^(VX i AVX) ! (^ 1 A^) 

+ (y/ a x (x t ) (\ 2 ) + x (x.) a if) dt. 
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But 

- a 2 Qife"c # h J j + vx% A vx * = ~^ 2 ' (4 - 26) 

as in Elworthy[27l| for gradient systems, see also Elworthy-LeJan-Li ll30l for the 
general situation. Again use the technique of Elworthy- Yor, ll35l . taking conditional 
expectations to get: 



jV? A V 2 = --11 2 (V t l A V 2 ) + V\ A X(x t ) (hfj + X(x t ) (hi) A v\. 
Thus 

—V^AVt 2 = V t AX(x t )(h 2 t )+X(x t )(hl)AV t 

We have shown given u = A 2 T1 (h 1 A h 2 ), it is related to Tl (h 1 ) A TX (h 2 ) by 
equation (14. 1 9b . Solve the equation to obtain 

^Tl{h\ t = A 2 TT{h\ t + (1 ® W t s ) W?> f (W^)' 1 (K (A 2 TT(h) r ^)) dr, 

Jo 

that is, the desired identity (14.241) . On the other hand, given u satisfying (14.191) for 
G = A 2 TT(h), h G A 2 Lo' 1 (R m ), then u = A 2 TX{K) by uniqueness of the solution. 
This proves the first equivalence. The second equivalence follows from Lemma l4~2l 
Part (iii) follows straightforwardly from the previous lemma. 



5 H-one-forms: exterior differentiation and Hodge decomposi- 
tion 

A. Differentiation of functions. For scalar analysis in our context and with this 
notation, we refer to lT36ll or for the basic facts to 11301 . As emphasised in 11361 it is 
necessary to fix an initial domain, Dom(<i^) C L 2 (C X0 M; R) for the H-derivative 
operator d n . We shall choose this to be a subspace which contains the smooth cylin- 
drical functions and consists of BC 2 functions in the Frechet sense, using the natural 
Finsler structure of C X0 M, see [1341 ). For example the space of all smooth cylin- 
drical functions. (We will require two derivatives in order to be able to prove that 
exact H- one forms are closed.) It is standard, going back to Driver,[20], that then 
d n : Dom(d H ) C L 2 {C XQ M -> L 2 TH* is closable. We will denote its closure by d° 
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to show it is acting on zero forms, or simply by d, and let E) 21 be its domain with 
graph norm. There is the analogous result for functions with values in a separable 
Hilbert space G. In this case the domain will be written as T) 2,1 (G) or D 2,1 (C :ro M; G) 
and for almost all a G C Xo M the derivative df a of / at the path a will be in the space 
of Hilbert-Schmidt maps C2CH; G). As usual for real valued functions there is the 
corresponding gradient operator V : D 2 ' 1 — > L 2 TH. The negative of its adjoint we 
write as 

div : Dom(div) C L 2 TH -> L 2 (C Xo M; R), 
so if V is an if -vector- field in Dom(div) and / G E) 21 then 

/ df(V)dp = [ (V(f)(a),V(a)) n J^a) 



This divergence operator is closed and the standard Riesz correspondence <p 1— ► </> # 
with inverse V" 1— > V* between if -one-forms and ii-vector fields maps the domain 
of the adjoint d* of d to that of the divergence with d*<p = — div(^ # ). 

For 1 ^ p < 00 there are the spaces E) p>1 defined in the same way as for p = 2 
but using L p norms. Spaces of "weakly differentiable" functions W P,1 (C X0 M; G),l < 
p < 00, were also given in [[36ll . loosely following |[23l . Here we shall also denote 
those weak derivatives by d. Whether W^' 1 = T) p l , as occurs on CoR m , is an open 
question. We note the following from ||36l , c.f. Il32l . Parts (a) and (b) are essentially 
equivalent and (a) is a vital step in the proof of the closability of the exterior derivative 
used below. 



Theorem 5.1 (a) The map TI{—) from L 2 (C R m ; H) to vector fields on C XQ M 



gives a continuous linear map TX(— ) : L 2 (C R m ; H) — > L 2 TH. 

(b) The pull back operation 1— > X*(0) defined from one- forms on C X0 M to H- 
one forms on C R m by (I*(f)) u = 4>x(u) TJI extends to give a continuous 
linear map 1* : L 2 TH* -> L 2 (C R m ; H*). 

(c) If f G D P '\C X0 M; G) then the composition f oZ is in D p '\C R m ; G) and 
thend(f ol)=l*(df). 

(d) A measurable function f : C X0 M — > G has f G W P,1 (C X0 M; G) iff the com- 
position f o X is in D p ' (CoR m ; G) and then the weak derivative df satisfies 
d{foT) = X*{df). 




(5.1) 



given by 



Tl{V) a = E{u ^ T1u(V(cu))\I(uj) = a} 



(5.2) 
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B. Exterior differentiation of i/-one-forms. For any C l one form <\> on C X0 M 
there is the usual exterior derivative d(p given by formula (11.2b . This can be restricted 
to give an if -2-form, d]^ say. As for functions we choose an initial domain Dom(<i^) 
to give an operator: 

d l H : Dom(^) C L 2 Y{7i l f -> L 2 T(H 2 )*. 
The domain must consist of C 2 one-forms <p on C X0 M which satisfy 

(i) as an if -one-form G L°°TH*. 

(ii) the exterior derivative dcp when restricted to H 2 is essentially bounded, i.e. 

d^(j) G L°°TH 2 *. 

(iii) ( module structure) if / G Dom(rf^) and G Dom(d^) then /</> G Dom(<i^). 

(iv) The domain of d w is mapped into the domain of by d<n. 

All these hold if we use smooth cylindrical functions and forms as initial do- 
mains, or C 2 functions and C 1 forms which are bounded together with their exterior 
derivative using the natural Finsler metric on C Xo M. In fact it is shown in [[3611 that 
E) 2,1 is independent of the choice of Dom(<i^) under these restrictions, so we may as 
well assume that the latter is the space of smooth cylindrical functions. 

Under these assumptions we have 

Theorem 5.2 021/ The exterior derivative considered as an operator 
d x n : Dom(d^) C L 2 Y{7i 1 )* -> L 2 T(H 2 )* 

is closable. 

Since the proof was given in full in ll32l and the analogous proof for two forms is in 
Part II it will be omitted here. 

Let d 1 denote the closure of d]^. 

Theorem 5.3 021/ . The derivative d°f of any function f G D 2 ' 1 lies in the domain 
of d 1 and 

d l (Pf = 0. 

The derivation property d\f(j>) = fd 1 ^ + d°f A is given meaning and proved 
in Theorem 17.11 below. 

C. The first L 2 de Rham cohomology group and a Hodge decomposition for 
i/-one-forms. From the results above we can define the first L 2 cohomology group 
of C XQ M to be the quotient of the kernel of d 1 by the image of d°. An important 
result here is due to Fang : 



25 



Theorem 5.4 (Fang [4TJ) The image ofd° is a closed subspace ofL 2 TH*. 

It is almost a formality now to define the self adjoint Hodge-Kodaira operator A 
or A 1 by 

A 1 = d l *d l + d°d°*. 
and to obtain the Hodge decomposition. For the details we refer to ||32l or Part II. 

Theorem 5.5 / |32|/ . There is the orthogonal decomposition 



L 2 m = Image(rf°) + Imaged 1 *) + kerA 1 



where Image(<i 1 ) denotes the closure of the image of the adjoint of d 1 . 

6 Tensor products as operators: algebraic operations on H-one 
forms 

To show that the exterior product of iJ-one-forms can be defined as an i/-two-form 
(by a pointwise construction) and to obtain a better understanding of the spaces 
we will give an interpretation of iJ-two-vectors in terms of linear maps from to 
itself. We will also give an example on flat linear Wiener space to show how a theory 
of tangent processes would lead to analogues of the elements in H 2 . 

A. First we establish our notation and review the well known results identifying 
various completions of the algebraic tensor product H ® H, with spaces of linear 
maps, and the dualities between the spaces. For example see Ruston [65J, though 
our conventions are slightly different. Here H will be a separable real Hilbert space. 
Identify H ® H with finite rank operators on H by 

H® H — > C(H; H) 

given by 

(u®v)(h) = (v,h)u. (6.1) 

This extends to an identification of, the projective tensor product (the "smallest") 
H^^H with the space £\(H; H) of trace class operators, of our usual H®H with the 
Hilbert-Schmidt operators C 2 (H; H), and of the inductive, the 'largest reasonable', 
completion H ® £ H with the space of compact operators C C (H; H) in C(H; H) : 



Ci(H-H) . C 2 {H-H) , C C (H;H) C(H;H). 
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The vertical arrows above are isometries, the inner product on C 2 (H; H) being given 
by 



(S,T) C2 :=trace T*S 

CO 

= Y^(Se t ,Te t ) H 



(6.2) 



i=i 

for {ei}^ an orthonormal base of H. So trace(w <g>v)= (u, v) and 

IK&HUa = IMIIMI = \\ u ® v \\h®H- 

These conventions lead to the following isomorphism with the space of bounded 
bilinear maps 

C(H; H) — ► C(H, H; R) 

being given by 

f(h 1 ,h 2 ) = (h 1 ,Th 2 ) (6.3) 
with resulting isomorphism, as C(H, H; R) ~ (H ® n H)*, 

£ (H; H) (d(H; H))* 

expressed by 

D 1 (T) (S) = trace T*S. (6.4) 

This construction shows that D x restricts to an isomorphism 

C skew (H;H)^{AlH)* 

where C s k ew (H; H) refers to the skew adjoint elements of C(H; H). We shall see 
later that our operator Q can be considered as a map from /^H 1 to C skew (H; H). 

B. We will need the 'double duality' map 9 = D^oi with i the canonical inclusion 

d(H; H) — > Ci(H; H)**: 

d(H; H) C(H; Hf 
6(T)(S) := trace S*T, 

T E d(H; H), S E C(H; H). Through the isomorphism d(H; H) ~ H ®„ H, it 
corresponds to the continuous bilinear map 

e-.HxH — >jC(H;H)* 
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given by 

e^ 1 ,^) =e(h 1 ®h 2 ) 

so that 

9(h\h 2 )(S) = (h\Sh 2 ). (6.5) 



2 1 

C. Let H = Lq R m . If V belongs to the inductive tensor product 
H ® e H ® 2 C R m we see, by taking V primitive, that the corresponding element 
S v , say, in C (H; H) is given by 

S v (h) s = V(h) s = £ (jjjYstj (ht) dt, (6.6) 

identifying J^V^ G R m ® R m with the corresponding element of C (R m ; R m ). For 
more general kernels V G 2 C o W n this can be used to define a linear operator S v 
and we let /CR m denote the set of such V for which §^V Sit exists for almost all t for 
each s G [0, T] and (16.61) determines an element S v of £(#; H). 

As our main example of an element of /CR m let 

j : [0, T] — ► R m ® R m 



be absolutely continuous with essentially bounded derivative and j(0) = 0. Set 
K,t = j (s A t) for s A t : = min(s, t). Then V belongs to /CR m 



S v (h) s = J ^-j( sA t)(h t )dt = J j'(r)(h r )dr 



and there is a conjugacy 



2 



L 2 ([0,T];R m ) . L 2 ([0,T];R" 



L„' R m _ 



to the multiplication (i.e. zero order) operator M j given by 



Mi\f)=f(t)f(t) 
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for j'(t) considered to be in C(R m ; R m ). In particular we see that in general such V 
do not correspond to compact operators, let alone to elements of H ® H . Also for 
9 : H x H -> C(H] H)* defined in §C we see from (1631) that 

9 (h\ h 2 ) (S v ) = f T (hi, j'(s)(h 2 s )) m ds. (6.7) 

J 

Theorem 6.1 For V in Hi A Hi let Q(V) E A 2 T a C Xo be defined by ( g7j]> . 77jen 
considered as a kernel it determines an element S Q( - V) of C {Hi; Hi) which is conju- 
gate to a multiplication operator M on L 2 T a C X0 M: 

M 

L 2 T a C X0 M , L 2 T a C X0 M 



JD 

at 



JD 

dt 



gQCV) 

K * K 

Here M{u\ = Wti' v (t)(Wf l u t ) for j v given by equation (\4.15\) (and so j' v by (\6.9\) 
below), u E L 2 TC X0 M. 

Proof Set V Stt = (W^ 1 ® Wf 1 ) V. tt . Let Q : A 2 L 2 A T Xo M — ► A 2 C T X0 M be 
given by 

Q(U) s ,t = (W" 1 ® Wf 1 ) Q(A 2 (U) s , t (6.8) 
Then from equation (14.161) 

Q(V) s ,t = Ms A t). 
As earlier is conjugate, by f t , to M j 'v acting on L 2 ([0, T]; T X0 M). 
For hEHlwe have S Q(y) (/i)) 4 = W t (^(^(Wr 1 ^)) so 

I^Cto = w t j t [s^\wr l h.)) = w t (m* (jWr'h)^ 

= WAMi'v [Wr^hX] =W t f v (t)Wf 1 ^-h 



dt ' L dt 



proving the conjugacy. ■ 

Thus Q(V) a corresponds to an element of £ s kew(7~C; H a ), and so of (H a * ®-k 
H a *)*, but is not compact and in particular does not belong to A 2 Hl- This yields 

Corollary 6.2 There is a natural inclusion ofH\ in C s kew(H a ; H a ) given by V i— > 
S v . 
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Note that by the definition (14.151) and formula (14.121) 

j' v (t) (6.9) 

p(2) ft 

= (W t - 1 ®W t - 1 )(— + K at )W? ) I {W^) Tl ar (A 2 (W r )V r , r ) dr 

= (w,- 1 ® w^ 1 ) (ft* (A 2 W)F tjt )) 

+ (w t ~ l <g> w t - 1 ) {n at wl 2) I (wf) 1 ft CTr (A 2 (W r )v r , r ) dry 

Jo 



Remark 6.3 The inclusion can also be seen geometrically from the fact that if U G 
H\ then U — R(t/) G A 2 Ha C C 8 kewO~Ler', H a ) where R is the curvature operator 
of the damped Markovian connection which takes values in C skew (H a ; Ha)', see $9j3 
below. 

D. Interior and exterior products. For any separable Hilbert space H define the 
interior product by an element h of H by 

L h : H ®o H -y H, he H 

i h {h}®h 2 ) := (h\h)h 2 = S*(h), 

where S E C(H; H) corresponds to h 1 <8> h 2 . Thus Lh extends to a continuous linear 
map over all the completed tensor products we use and even can be defined consis- 
tently as 

L h :C(H;H)^H, by 
L h (S) := S*(h). 



E. The first part of the following lemma is standard, but the conventions are 
important, see Appendix A. 

Lemma 6.4 ( i) The maps c h : H ® H — ► H and h® : H — > H ® H are 
mutually adjoint as are the maps : A 2 H — ► H and hA : H — > A 2 H. 

( ii) The adjoint of h® : H — > H ®^ H is L h : C(H ; H) — > H, identifying 
(H <S>tt H)* with C(H; H) by Di as in d<5.3D . Similarly the adjoint of hA : H — > 
Al H is the restriction of Lh to the skew symmetric elements C s k ew (H; H) of 
C(H; H), using the restrictions of D\, (see §5 above). 
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Proof of (ii). If S G C(H; H) and h a G H then 

(thiSlht) = (S*(h), hi) = trace [£* o Qi <g> /n)] 

while if £? is skew symmetric 

Di(S)(/i ® /ii) = (h, Shi) = \{{K Shi) - (Sh, hi)} = Di(S)(h A hi). 



F. Now take H = L ' T X0 M and consider Q : A 2 H -> A 2 C T X0 M given as 
in (|6.8I) . The inclusion iJ CqT X0 M has an injective adjoint with dense range 
(C T XO M)* — > H. Let </> # denote the image of 4> G (CoT^M)* under this map. There 
is the interior product 

^ : A 2 C T Xo M — > C T X0 M 

given by 

^(m 1 A u 2 ) = - (0(«V - 0(«V) . 

Lemma 6.5 Fork G A 2 R consider G £(F; if). Then for <pe (C T Xo M)* we 

have 

Proo/ Write in terms of a T XQ M- valued countably additive measure, m^, of finite 
variation on [0, T] so 

<P{w)= [ (w s ,dm^s)), weC T X0 M. 
Jo 

Then, if u = u 1 A u 2 G A 2 C T X0 M, 

1 /" T 

^(«)t = 2' ( u ^ dm<l> ( s ">) u t ~ (u 2 s ,dm^(s))ul 



o 



\ M (dm*(a)) 

o 

treating w ts G A 2 T X0 M as an element of C skew (T X0 M; T X0 M). Thus 

&(&)]) t = -y 

ft 



40 A t) (dm*(s)) 
/ £h(s)x[ dm\r))ds. (6.10) 
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On the other hand, if k G H, 



bf,k a )di 



cT 



/ (k s ,dm' t> (s))ds 
'o 

dm^{r) ) ds. 



Thus 4>f = J* y dm^(r)j ds, (a well known result in Wiener space theory). This, 
using (16.101 ) and then §C above, gives 



i(i> 



-* d 



- r h{s){4>f)ds = -S^(4>*), 



' ds 



by definition (see §E). ■ 

Remark. The same calculation shows that the analogous result holds with general 
elements of fCT X0 M, see §C, replacing Q a (h). 



G. Set 



Hi = (1 + Q a )[A 2 H] c A 2 C T XO M. 



From §D above we can consider elements of H 2 as skew-symmetric bounded linear 
operators on H. This can be exploited to extend the definition of exterior products: 

Lemma 6.6 The mapping 

(C T X0 MT x (C T X0 M)* - (7^)* 

extends to a continuous, antisymmetric, bilinear map 

H xH A (ft*)* 

inducing a bounded linear map 9 a : A^iJ — > (71^)* which agrees with the map 9 of 



A^" 




2 \* 



(Hi) 



using the inclusion ofH 2 a into £(H; H). 
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Proof. For S = S Qa< -^ £ C skew (H\ H) corresponding to Q a (K) as above, if 1 , 
(C T Xo M)* then using Lemma [631 

(0 1 A <p 2 )(QAh)) = 2 (t^(Qa(h)) = -0 2 (^(0 1# )) 



?*,SL 1# )) H . (6.11) 



Also 



1 1 #1 1 = SU P \ a h( s ">\ < const ' SU P \hrr\ < const " II^IIa 2 h (6.12) 

0<s<T r 

for oih the multiplication operator corresponding to S as in §C, i.e. 
a h(t) = ^jh(t) given by equation (16.9b . Therefore 

|(0 2# ,^ 1# )| < const ■ ||Al| A , fl ■ \\4> 2# \\ H ■ U^y. 

This shows we have 9 a £ C(AlH; (Hi)*). This agrees with 0, as required, by 
equality (16.51) . ■ 

H. We now interpret these result in terms of 7^-forms and H vectors on C X0 M. 

Theorem 6.7 (i) For v e Hi there is an interior product (annihilation operator) 

l v : Hi — > 

which is continuous linear, and agrees with the usual i^for e (T^C^M)* 
vv/zen f = 77ze map (t>, U) i— > is in £ 7^.) and is bounded 

uniformly in a. 

( ii) The map 

(T a C X0 M)* x (T^M)* -> (W 2 )* 
(0 1 ,0 2 )^(0 1 A0 2 )| H | 
extends to give a continuous linear map 

\ a : (Hir k (Kr -> (h 2 )* 

which is bounded uniformly in a as an element of C ((Hi)* A n (Hi)*; (Hi)*). 
Moreover 

(Hi) Ifv £Hl,££ (Hi)*, and U E H 2 a 

\ a (v* A £)(U) = £(l v U). 
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Proof, (i) The existence of t v and its properties come from Lemma |631 and the bounds 
on S noted in equation (16. 1 2b . 

(ii) Lemma l6\6l provides the proof of (ii) with \ a being conjugate by A 2 (W.) to 
the map 9 a of Lemma l6.6l We see from there that 9 a is bounded uniformly in a if the 
inclusion Hi — > C(H; H) is. However this is essentially the map h \— > 5 ,Qct( - ) again. 
For (iii) approximate t> # and £ by elements coming from (T CT Ca; )*. By Lemma [631 
ifU = V + Q(V) 

l v {U) = l v (V) - S Q{V \v*) 

so 

^(EO) = £(i v (V))-(£#,S QiV \v#)) Hi 

= (v* A£)(V) + (v* A£){Q a (V)), byCED- 

■ 

We shall write A CT (0 A ip) as A,r ip when no confusion can arise. 

Remark 6.8 The map \ a is independent of the choice of the Hilbert space inner 
product given to H\, or H 2 a . Its adjoint gives a continuous map 

a; : nl - ((?£)* a. (?OT 

of Hi into the skew symmetric linear forms on (Hi)*. 
7 The derivation property for d 1 

A. We can now formulate and prove the derivation property of d l . 

Theorem 7.1 Suppose f : C XQ M -> R is jnDom(d ) anJ0 G Dom^) n L 00 !^ 1 )* 
wi*fc d x <p G L°°r(^ 2 )*. TTzen /0 G Dom(#) and 

where A^ is defined above by Theorem \6.7\ 

Proof. Let {fy}^ be a sequence in Dom(rf^) with <pj —> <p in L 2 r(7i 1 )* and 
dVj in L 2 T(H 2 )*. Assume first that / G Dom(d n ). Then -> f<j> in 

L 2 r(?i 1 )* by the module structure of Dom(<i^), and by standard calculus 

r/(/o ; ) ,//AOy • fdo r 

therefore 

d(f(j)j)\nl = A ff (df\ H i A + /(<%)|«a 
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in the notation of Theorem |6.71 By the uniform bound on X a from that theorem, and 
taking a subsequence if necessary to assume 4>j\n\ ~> 4>\ni f° r almost all a, we see 

\ a (df\ H i A (pjlni) -> XaidPfa A (j) a ) 

almost surely and so in L 2 by the dominated convergence theorem. Since f(d<pj) — > 
fd l 4> and f<pj G Dom(<i^) the result follow for / G Dom(rf^). 

For general / G Dom(<i ) take {fj}°? =1 in Dom(<i^) with fj — > / in L 2 and 
dfj — > df in L 2 r(H 1 )*. From above we know that fj<fr G Domid 1 ) with 

d}(fj<p) = dfj A n <f) — /,^), j = 1 to oo. 

Now 4> and d l 4> are bounded so as before we see dfj A w <p — > df A n and fjd 1 ^ — >■ 
/dV, both in L 1 r(W 2 )*, completing the proof. ■ 



8 Infinitesimal rotations as divergences 

We will say that a p-vector field V on C X0 M, (or similarly on C (R m )), has a diver- 
gence if there exists divV G L l Y A p_1 TC X0 M such that for all smooth, bounded, 
cylindrical (j> — l)-forms we have 

/ d(KV)dfi X0 = - [ 0(divV) d^ . (8.1) 

Jc XQ M JC X0 M 

For p = 1 from Driver EOll we know that not only do sufficiently regular elements of 
L^TH 1 have divergences but so do the infinitesimal rotations R a G L 2 T A 2 TC X0 M 
given by 

Rt=llt [ ll7 X oc s dx s (8.2) 
Jo 

where a s : C X0 M — > £ s k ew (T Xa M;T Xs M), < s < T, is in L 2 and progressively 
measurable. Indeed 

diviT = 0. 

For more examples of one- vector- fields with divergences see Bell flU, Hu-Ustunel- 
Zakai[|44]|, and Cruzeiro-Malliavin [19] and for p- vector fields see ll3~3~l . As in finite 
dimensions if a p-vector field V has a divergence divV, when p > 1, then divV has a 
vanishing divergence. In view of the looseness of the definition and the homotopical 
triviality of C X0 M we would expect that a field with a divergence which is zero would 
necessarily be a divergence, and we will give some evidence for this which also sheds 
light on the structure of our modified de-Rham complex. 

First we observe that the exterior product of suitably regular //-vector fields in 
Dom(div) has a divergence. For this let V l ,V 2 G L^YTi 1 . Then we have an L 2 
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section V 1 A V 2 of H 1 AH 1 . If </> is a smooth (bounded) cylindrical 1-form, then as 
discussed in Appendix B, 

2d(j)(V 1 A V 2 ) = L V idL V 2((f)) - L V 2di V i((f)) - 2<p([V 1 , V 2 ]) 

provided V 1 , V 2 are sufficiently regular. Give such regularity 

2 f d<P(V l A V 2 ) dyL X0 

JC XQ M 

= [ i V ^ww 2 dfi xo - [ t^c^divv 1 dfi xo - [ <p(\y\ v 2 ]) dn a 

JC X0 M Jc XQ M Jc XQ M 

Thus V 1 A V 2 has a divergence with 

2 diviV 1 A V 2 ) = -(divV^V 1 + (divK 1 )^ 2 + [V 1 , V 2 ]. (8.3) 

The first two terms are sections of H 1 but as is well known, Cruzeiro-Malliavin [fT8l 
Driver EH . the bracket involves a stochastic integral of the form I for 

It = lit [ H-'mV 1 A V 2 ) dx s , (8.4) 
Jo 

i.e. an infinitesimal rotation. The above applies in particular to V % = Tl(h l ) for 

h* G W 2 >\C X0 M; H), i = l,2. 

Also if h : C X0 M -> A 2 H is in W 2 ' 1 , the 2-vector field A 2 Tl(h) has a divergence 
with divA 2 TX(/i) = TX(di\(h o X). Indeed for <p a smooth cylindrical one-form 

/ d(j)(7^Tl(h)) dfi xo = [ T(d(f))(hoX)dP 

JC X0 M Jc R m 

= / d(I*(j))(h o X) dP = - / X*0(div/i o X) 
= - 0(TX(div(/i o X))) dP. 

ic R m 

Here we use the fact that since /i G W 2 ' 1 , we have hole ID 2 ' 1 C Dom(div). 
Consequently, 

div (a^TX©) = TX(div/i). (8.5) 
(For another version of this result see §8E.) On the other hand 

7^Tl(h) = A 2 TX{h) + Q(A 2 TT(h)). 

Thus: 



36 



Proposition 8.1 Fork = h 1 Ah 2 with It e W 2 > l (C Xo M; H), i = 1,2, the two-vector 
field Q(A 2 Tl(h)) has a divergence with 

divQ(A 2 TI(h)) = Tl(dvvh) - div(A 2 7T(/0). 

Since TZ(di\K) E TH 1 we see that drvQ(A 2 Tl(h)) must cancel out the infinitesimal 
rotation term / in div(A 2 TX(/?,)). A geometrical interpretation of this is given below, 
see $9] The following result concerning the flat Wiener space case shows how this 
can happen. It should be considered together with formula (14.161) for Q and the 
discussion in §C of $6] 

Proposition 8.2 Every two-vector field V : C (R m ) -> A 2 C (R m ) given by V S}t = 
j(s At) for j(t) = f V dr, where a. : [0,T] x C (R m ) -> C skew (R m ] R m ) is 
progressively measurable with f Co ( Rm) Jq \&s\ 2 ds < oo, has a divergence. It is 
given by 

drvV = a s dB s , 
Jo 

i.e. divV = R a . 

Proof. Let / : C (R m ) -> R be bounded and C°° and let £ e C (R m )*- Define the 
l-form0onC o (R m ) by 

<pm = mm- 

Bounded cylindrical 1-forms can be written as sums of such forms. Then dcf) = df At. 
Let k be the image of £ under the inclusions C (R m )* — > Lq 1 (R m ) adjoint to the 

2 1 

inclusion of Lq' in Co. 
From (16.71) above we see 



d(p(V) = / (C7^7) s ,a s k s ) Rm ds 
Jo 

= df( / a s k s ds). 



Thus 



/ d<P{V)dP = [ f(u) f (a s k s ,dB s ) Rm dP(u) 

Jc R m </C R m Jo 



f(u) / (k s , a s dB s ) R m dP(u) 
CoR™ Jo 

f(u)i( [ a s dB s ) dP(u) 

C R m \Jo / 

as required. (The last equality being obvious in the (most relevant) case when £(v) 
X(v to ) some A e (R m )*, some < t < T, in which case k s = X[o,t ]( s )^)- 
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9 Differential geometry of the space H 2 of two-vectors 

In this section we will give a bundle structure to the Bismut tangent bundle H and 
interpret the quantities Q and K which define H 2 in terms of a natural connection on 

n. 

A. The L 2 tangent bundle and its frame bundle 

Our Banach manifold C Xo M has natural structural group ([0, T]; 0(n)) with 
frame bundle identified with the space of paths CV-i^^fO, T]; OM) in the frame 
bundle OM of M, starting at any frame over x . Note that C id (O(n)) has an orthog- 
onal representation on L 2 ([0, T]; R n ), acting pointwise 

C id {0(n)) ^O(L 2 ([0,T];R")) 
p(a)(f)(t) = a(t)(f(t)). 

For a, P'mdd (O(n)), 



||p(o;) - p(/S)||l(X2([o,t];R™);l2([q,t];R")) = sup \ \a(s)f(s)-p(s)f(s)\ 2 ds 

ll/IU 2 <i V ■'o 

< sup W / \f(s)\ 2 sup — /9(s)| 2 ds 

\\fh<i V ^ S ^ T 
< sup \a(s) — P(s)\ = d(a, P). 

0<s<T 

Thus p is continuous into the uniform topology and we see it is even C°° with deriva- 
tive map T a p at a : 

T aP : T a C u O(n) — > TO(L 2 ([0, T]; R")) C £(£ 2 ([0, T"]; R n ); L 2 ([0, T]; R n )) 

given by T a p(V)(f)(t) = V(t)f(t). 

Let 7r : OM — > M be the orthonormal frame bundle of M and let 

: Or-i (so) (OM) -> 

be the principal CidO(n)-bundle of continuous paths u : [0, T] — > OM with 7i(u ) = 
xo. From above we see that the L 2 tangent bundle L 2 TC Xo M has the structure of a 
C°° bundle associated to C 7r -i (a . )(OM), whose elements u act as frames on it by: 

u : L 2 ([0, T]; R n ) — > L 2 T a C Xo M, a = nu 
u(f) t = u t (f(t)). 

This construction determines L 2 TC XQ M as a C°° bundle over C XQ M. It tells us what 
its smooth sections (in the Frechet sense) are. (For example see Remark [9J] below.) 
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B. The pointwise connection 

Let V denote the pointwise connection on C X0 M, as described in greater generality 
by Eliasson,[|25l. It is denned on the bundle L 2 TC X0 M -> C X0 M by 

(VvU) t = ^ U(exp a (sV.)) t \ s=0 (9.1) 
where j- and exp come from the Levi-Civita connection on TM. Thus 

(VvU) t = X(a t )^ (Y (ex Pat (sV t )) U (exp^sY.)) t ) \ g=Q 



X(* t )d 



(V) t 



Y(-m-) 

where the L 2 -valued one-form Y : L 2 TC X0 M -> L 2 ([0, T]; R m ) is the lift of Y, i.e 

Y a (V)(t) = Y a(t) (V(t)). 

This says that the pointwise connection is the L-W connection in the sense of 11301 , 
for the lift X of X to C Xo M. 

This connection is torsion free and is metric for the L 2 metric. 



Remark 9.1 The pointwise derivative VY : TC XQ M x L 2 TC Xo M -> L 2 ([0,T];R m ) 
is 

To see this let T be a locally defined C°° frame field for L 2 TC X0 M giving a local 
trivialisation over an open subset U of C X0 M 

T :U x L 2 ([0, T\- R m ) -> L 2 TC XQ M. 

Then 



*VT(<7)(/) 



^ (T(a) t /(t)) 



Its derivative is 

(V, t r) T(«r) t /(t) + Y at (V V T (f(t)Y) . 

C. The bundle structure of H and its damped Markovian connection 

Let C° Q M be a set of paths of full measure along each element of which the Levi- 
Civita parallel translation, //, is defined and satisfies its basic composition properties. 
Then 7i a is defined for each a E C XQ M by formula (14.51) with an isometry W a : 
L 2 T a C Xo M — > TC a , with inverse j. Thus we get an induced smooth vector bundle 
structure on H 1 , over C XQ M by 

— : 7i — »• L 2 TC X0 M. 
ds 
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We can use this isomorphism to pull back the point-wise connection to get a 
metric connection W on H 1 . This is the damped Markovian connection defined in 
a different way by Cruzeiro-Fang in [fT5l [Toll . Cruzeiro-Fang-Malliavin ifTTll . The 
basis for a covariant Sobolev calculus using it is given in 11361 . In particular we have 
a closed covariant derivative operator W with domain, denoted by 1D 2 ' 1 'H 1 , in the 
space of L 2 sections of H 1 mapping to the L 2 sections of C2CH 1 ; H 1 ). In general we 
shall not distinguish between C° o M and C X0 M. 

Since the inverse map to ? is W it follows from equation (14.21) that this connec- 
tion is the L-W connection associated to TX in the sense of [30J. With this in mind 
define 

X : C X0 M x H ^H 1 
X(a)(h) = TXQi). (9.2) 
As noted in [36] the adjoint of X is the H- valued if -one-form Y given by 

Y a (V) = ^ Y; (r ,^-V r dr. 

This is also a right inverse to X. Suppose that u 1 and u 2 are in TD 2,1 TC. For j = 1, 2, 
set ti(a) = Y a (u j (a)). Then, by [36], W e T> 2 '\C X0 M; H) and: 

W uHa) u 2 = X(a)d [Y(u 2 )] (u\a)) 

= X(a)dh 2 (TT(h\a))) = X(<r) (d(h? o X^/i 1 ^))) • ' ^ ' ' 

We saw in proposition l8. ll that for certain v 1 and v 2 the two-vector field Q(v l Av 2 ) 
has a divergence. After the following lemma we can identify that divergence: 

Lemma 9.2 Suppose h : CoR m — > H is adapted. Then 

TXh = TT(h). 

Proof. Set v t = Tl t (h). Then, since h is adapted we have as for equation (13.61) 

Dv t = V Vt X (//tdft) - ^Ric # (^)c/t + X(x t )^ dt 
Now take conditional expectations as usual to get the result. ■ 
Theorem 9.3 For any adapted vector fields u l G LPVH 1 , i=l,2, some p > 2, 

divQO 1 A u 2 ) = l-Tiu 1 , u 2 ), (9.4) 
where T is the torsion of the damped Markovian connection W. 
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Proof. As above set h? = Y(u J ),j = 1,2. Define the adapted //-vector fields 
h?\ j = 1, 2 on C R m by h? = h? o X. First assume that each u\ and so h? and hP, 
belong to E> pl . 

By the integration by parts formulae, as for the proof of (18.51) for two-vector-fields 
in §[8} and using the fact that hP(uf) a _L kerX(x s (uj)) a.s.: 

div(^')oJ = E{div(^)|^'} = -E|^ (h s ,dB s }\F Xo X 
= - J (hi,X(x s )dB s }=div(h j ). 

In particular di\(h?) is T x ° -measurable. Consequently, from Proposition 18.11 and 
formula < [8~3T ). 

2 divQiu 1 A u 2 ) = 2 TX (divCto 1 A /i 2 )) - 2 divCw 1 A w 2 ) 

= TX (-W&vQi 2 ) + ^div^ 1 ) + [h 1 , h 2 ]} - (dW)w 2 + u x div(u*) - [u\u 2 ] 
= TX([h\h 2 ]) - [u\u 2 ]. 
Also from (1931) : 

|V,« 2 ](<7) = X(<7)f(j/i 2 ) (/iV)) - (d h^j (h 2 (a))^j -T(u\u 2 )(a) 
= X(a) ([h 1 , h 2 ]^ - T(u\ u 2 )(a) 
= TX a (WMa) -T(u\u 2 )(a) 

giving 

2divQ(V A u 2 )(a) = TX([h\ h 2 ]) a - TX a (\h\ h 2 ]^ + T(u\ u 2 ){a). 

For adapted vector fields the first two terms cancel by the previous lemma, so we 
have (19.41) for adapted T) p l vector fields. 

If u 1 , u 2 are adapted but not in E) p ' 1 we can choose, c.f. Lemma l9~4l sequences 
of adapted processes {m^}^ =1 ,j = 1, 2, in T) p,1 7i, converging to u 1 , u 2 in W . Then 

as n — > oo, 

T{ulu 2 n )^T{u\u 2 ) 

in L X TC X( ,M, by the formula 

KV 1 , V 2 ) = X ((W V 2Y)V 1 - (W v iY)V 2 ^) 
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given in the Appendix B. On the other hand for any C°° cylindrical 1-form <p, 

J 0(T«, u 2 n )) = -2 J d<P{Q{u l n A u 2 n )) - -2 J d<P{Q{u l A it 2 )). 
Thus for all adapted L p vector fields u\ we have 

divQlj/ Am 2 ) = -T(V,<ii 2 ). 



Lemma 9.4 7/" it is an F* -adapted H-vector field in LPYTi for some p > 1, there 
is a sequence u n G DP^H 1 of J 7 * adapted H-vector fields such thatu n converges to 
u in LP. 

Proof Set h = Y(|«) o 1 e L p (C R m ; L 2 ([0, T]; R m )). As finite chaos expansions 
are dense in LP, let {h n } be a sequence of functions with finite chaos expansion 
converging to h in LP(C R m ; L 2 ([0, T]; R m )). Define v n : -> L 2 ([0, T]; R m ) by 

(^oJ), = E{^ n |^ }. 

Then t> n belongs to E) pl , see |[36ll . Set «„ = X( f (v n ) s ds) then w n converges in L p 
to it. ■ 



Remark 9.5 (1) It is noted in Cruzeiro-Fang [16J that the divergence of T(v 1 , v 2 ) 
vanishes for a class of adapted H-vector fields v 1 and t> 2 . 

(2) The conclusion of the the theorem does not hold for general smooth non- 
adapted vector fields. In fact for a smooth, cylindrical, / : C X0 M — > R we 
have T(fv\ v 2 ) = fT(v\ v 2 ). But 

divQdfv 1 ) A v 2 ) = div (fQiv 1 A w 2 )) = /div {Q(v l A w 2 )) + ^v/Q^ 1 A v 2 ). 

Though we state the following for Brownian motion measures and the damped 
Markovian connections note that it applies in considerable generality, for example 
for any metric connection on a finite dimensional Riemannian manifold with smooth 
measure. In it we consider the closed covariant derivative operator 

W: D 21 c L 2 YU X -> L 2 TC 2 (H 1 ;H 1 ) 

with L 2 -adjoint W : L 2 YL{H X \ Ti 1 ) -> L 2 YH}. 
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Proposition 9.6 Let U, V e L^TH 1 . Suppose U e D 2 ' 1 and V G Dom(div). Then 
a ^U{a)® V(cr) as an element, U ® V, ofl?Y(Ji x ® ft 1 ) is in Dom(¥*) and 

W*(U ® V)(<t) = -(divV)(<r)E/(<7) - V V(ff) E/. (9.5) 

7n particular this holds ifU and V are both essentially bounded and in E) 21 in which 
case: 

\t(JJ A V) = div(U AV) + ^T (U, V) . (9.6) 
Proof. Let Z e D 2 ' 1 ^ 1 . By (ED and 

((W)„,E/<g> F((7)) £2(W1 . W1) dfi xo (a) 

M 

oo 

^ ((W ei Z) CT) U(a)(V(a), e t )) Hi dfi xo (a) 
i=i 

(W(<r)^, U(a)) H i d/j xo (a) 
= [ d(Z, U) H i (V(a)) dfx X0 (a) - [ (Z, W V{ a)U) nl dfi Xo (a), 

JC XQ M JC XQ M 

since Wis a metric connection. This proves the first part. 

For the second part first note from ll36l that if -vector fields which are are in E) 21 
are in Dom(div). Then plug U A V = \{U ®V -V ®U} into equation d9"31) and 
use formula (18.31) to see: 

W(U AV) = -{-(divV)U + (di\U)V - W V U + W V V} 

= div(C/ A V) + -T(U, V). 

■ 

By formula (19.41 ) this immediately gives: 
Corollary 9.7 For [/, V a* in Proposition ^. 6\ 

W(U AV) = div(J + Q)(U A V) (9.7) 
provided U, V are non-anticipating. In particular for h 1 , h 2 in Lq'^R™ - ) non-random 

div (WTlQi 1 A /i 2 )) = V* (Tlih 1 ) A TT(h 2 )) . (9.8) 
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Note that for Z as above, if / : C Xo M — > R is smooth and cylindrical then 

= / -Z®Vf,UA V) Hlml dii xo 

JC XQ M 

= I l(Z, fW(U AV))- 1 - (Z, U) df(V) + \ (Z, V) df(U)\ dfi X0 . 

So 

W*[fUAV] = fW(U AV)- l -{Udf(V)-Vdf{U)} 
= fW*(U A V) + t Vf (U A V) 

whereas 

div(I + Q)(fU AV) = /div(J + Q)(U AV) + t vf (U AV) + L df Q(U A V). 
Thus the formula is not true, if 'non-anticipating' is dropped. 
D. The curvature operator 

The curvature operator R of the damped Markovian connection Won VH l is conju- 
gate to the curvature operator TZ : A 2 TC X0 M -> C skew (L 2 TC X0 M; L 2 TC X0 M) of the 
pointwise connection on the L 2 tangent bundle via the map ^. In fact 

R: A 2 T a C X0 M ^ £ skew (Hl;Hl) 



is given by 



that is 



d- 



(R(,U)h) t = W t J W: l K as (U s , 3 )(-h s ) ds. (9.9) 

We shall show that this agrees with the definition given in equation (|4.17l) . 

Our convention that (a®b){u) = (b, u)a makes clear the correspondence between 
the curvature operator TZoiM considered as a map TZ : A 2 TM -» £(TM; TM) and 
it considered as a map 1Z : A 2 TM — > A 2 TM. Note also that for a linear map T 



[(T (8) l)(a ® 6)](u) = T((a ® 6)(u)). 
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Then 











[WtiWr)- 1 ® v>n{u rr )] (—h r ) dr 

rp 

X[o,t)(r)(W t ® W r ) A 2 (W-^E^rX^/ir) dr 



Proposition 9.8 As a linear map from A 2 T a C X0 M to A 2 TC X0 M, the curvature op- 
erator of the damped Markovian connection on Ti 1 is given by: 



t 

WL(U) st = (W s ®W t ) I A 2 (W r y 1 n(U rr )dr, t<s. (9.10) 



Proof. Since R(t/) is regular, its integral representation is 

U(U)(h.)t = / (1 ® — )KL(U) t J—^)dr. 



dr ' dr 

Compare this with the integral representation above the proposition to see the result. 
■ 

E. The domain of d 1 * 

An important result for functions on C*oR m was that the domain of the divergence act- 
ing on if-vector fields contains D 21 (CoR m ; H), in particular //-vector fields which 
are in E) 2,1 are Skorohod integrable, [50J. For C XQ M the analogous result was proved 
in ||36l using the damped Markovian connection. We have not yet given a "bundle 
structure" or connection to H € or its dual, but A 2 L 2 TC X0 M is a smooth bundle and 
inherits a connection from the pointwise connection. This will be the LW connec- 
tion for A 2 X. As discussed, in general, in ll36l a section Z of A 2 L 2 TC XQ M is in 
D 2 ' 1 A 2 L 2 TC X0 M if A 2 Y(Z) is in E) 21 (C Xo M; A 2 L 2 ([0, T]; R m )). Where defined, 
the map 

(1 + Q) A 2 W : A 2 L 2 TC X0 M -> H 2 

is an isometry and it would be natural to use this to give a connection on H 2 . In this 
sense the following shows that the results mentioned above extend to our if -two- 
forms (or equivalently for the divergence operator on //-two- vectors). It is stated in 
terms of the weak Sobolev class W 2 ' 1 for, possibly, greater generality. 
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Theorem 9.9 1. Let c/> e L 2 TH 2 . If 

<P o (1 + Q) o A 2 W G W 2 +T A 2 (L 2 TC X0 M)* 
then 4> G DomCc/ 1 *). 

2. More generally G Dom^i 1 *) if the conditional expectation of its pull back by 
the Ito map 

E{J*(0)|j^ } : C R m -> (A 2 #)* 

is in the domain ofd 1 * on CqR 771 . If so, for almost all a G C X0 M the H-vector 
field div0 # is given by 

div(0 # ) = !TJ(div(E{J*(0)|.F E °})#). 

Proof Set 

g (a) = (f) o (1 + Q) o A 2 W o A 2 X<» o A 2 (^-) 

for a G C XQ M. Then our first condition implies that g G W 2 ' 1 (C XQ M; A 2 H). 
Note that g = <p o (1 + Q) o A 2 W o A 2 X and so 

(7oJ = E{r(0)|^ }- 

By [36J gol e E> 21 on C R m . By [67] this implies that as an #-two-form g o J is 
in the domain of c? 1 *. Now let ip G Dom(^), cylindrical one-form on C X0 M. Then 
we have: 

f (d^AU** = I (^(a^(-))>0(a^(-)))(a^)* 

= / (^A 2 TZ(-),E{Z*(0)|^}W 
Jc R m 

= [ (r(4^),E{T*(<«|^nW 

JC R m 

= [ (diT(TP),E{l*(<P)\F X0 }) A * H * 

JC R m 

= [ {n^Mr^ix*^)^})^. 

From this the results follow. ■ 
Corollary 9.10 Every C 1 cylindrical 2-form on C Xo M is in the domain ofd 1 *. 
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Proof Let M {k) = M x M... x M be the Cartesian product of k copies of M and for 
< h < ■ ■ ■ < t k < T define p t _ : C Xo M ikf( fc > by p t (cr) = (crfa), . . . , a(4)). 
Suppose = p|(0) for ^aC 1 two -form on M (k) . Then 

E{T((f))\F X0 } = (j> m o (1 + Q m ) o A 2 X(J(-)) 

= o A 2 I (fc) (I(ft ( .))) o A 2 F (fc) A 2 Tp t _ o (1 + Q T(0 ) o A 2 X(T(-)) 

where X (/c) (^i, z fe ) = ©^^(^O : © fc R m -> T 2 M (fc) for z = (z u z k ) e M {k \ 
Now, from the differentiability of 9 and X it is clear that 9 o A 2 X (/c) (X(pt ( .))) is in 
T) p l for all 1 ^ p < oo, while it follows from standard approximation arguments 
that so is A 2 Y (k) A 2 Tp t _ o (1 + Q m ) o A 2 X(J(-)), for example as in L2J. Thus we can 
apply the theorem as required. ■ 

10 Appendix A. Conventions 

In the past we have used different conventions on the exterior product of a differential 
form, inner product of two antisymmetric tensor vectors, and the interior product of 
a vector with another. Here we were driven by the insistence that exterior product 
spaces are subspaces of the corresponding tensor products. To make these differences 
more transparent and easier for the reader to compare to their own conventions, we 
list in this section the conventions we use. It is only necessary to state them for 
uncompleted tensor products. 

A. Let E, F be a real linear spaces. Any multilinear ip: ExEx...xE^F 
determines a linear map ip : E Cg> E Cg>o ••• ®o E — » F with 

1p(u 1 <g> • • • (g) U q ) = lf)(Ul, U q ). 

Denote by /\ q E the subspace of anti- symmetric tensors and use the convention: 
m A • • • A u q = — } ^(-ir^(i) © • • ■ © u <q) (10.1) 

where the summation is over all permutations ir of {1, 2 . . . , q} and (— l) w is the sign 
of the permutation. This convention ensures that if ip is anti- symmetric then 

V<Wi A • • • A U q ) = lj}(u U ...,U q ). 

An inner product (— , — ) on E determines one on the tensor products : 



(Ui ® • • • ® U g ,Vi ® • • • ® V q ) = Uj^Ui, Vi) , 



(10.2) 



47 



any Vi E E. In turn this determines one on the exterior powers by restriction, 
giving: 



j / (Ui,«i) (ui,v 2 ) (wi,u ff ) 
(uiA- • -Au q ,viA- ■ ■ Aq) = det ( ... | . (10.3) 

(u q ,Vi) (u q ,V 2 ) (Ug,V g ) 



Now suppose there is a pairing <C — ,— E' x E ^ R between E and a linear 
space E'. We are thinking of the cases E = E' with inner product pairing or E' 
being the dual space of E with respect to some topology, with <C I, e 3>= /(e). Then 
if I E E', there is the standard interior product, or annihilation operator ii, 

H (ui ® • • - ® u,) =< /, «i > («2 ® • • • ® w g ) (10.4) 

This gives 

1 9 

A • • • A u q ) = - ^(-1) J+1 < I, Uj > ui A • • • A Uj A • • • A u q (10.5) 

q 3=1 

where u means the omission of the vector u. Note that 

(i) If E = E' with inner product pairing then for each v E E the operator i v : 
Aq-E — > Aq _1 £' is adjoint to the map determined by m x A • • • A -^uAuiA 
• • -AVi 

(ii) The interior product is now not a skew-derivation, c.f. [|49l , p65. For example 
if q = 2 we have 

ii(u\ Au 2 ) = ^| < > w a - < /,m 2 > Ml 

Keeping the duality between the interior product and the "creation operator" v A — , 
for -0 as above and v E E define : 

^ : X ( * _1) £7 -> R 

by 

so that if ip is skew-symmetric we have 

L v {lp)(Ui A ■ ■ ■ A Uq-i) = lj)(v A Mi A • • • A Uq-l). 
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If fa and fa are in a dual space to E then fa A fa is defined on AqE by 

fa A 2 («1 A U 2 ) = ~ [0l(«l)02(«2) - 02(«l)0l(«2)] • 

This is in agreement with A 2 ) := \{fa{v)fa — fa(v)fa). 

B. More generally if S : E 1 — ► _E 2 and T : F x — ► F 2 are two linear maps of 
Banach spaces, there is the induced linear map 

S®T : Ex 0o F 1 -> E 2 ® Q F 2 . 

If = Fi and £ 2 = F 2 set S A T = §(£ ® T + T ® 5) so 5 ® S agrees with 
5 A S as an linear operator on A 2 Ex. This reduces to the previous definitions when 
E 2 = F 2 = R after identifying R <g> R with R. 

C. Consider now the tangent bundle TM of a smooth manifold M. The exterior 
differentiation d : A g TM -> A q+l TM is defined by: 

d0 (V 1 A • • • A V^ +1 ) 

= rii) E£i(-l) i+1 ^ [</> (V 1 A • • • A ^ A • • • A 

+ (^T)Ei< J<J < 9+ i(-l) J+ ^ ([^, ^] A A . . . V* A . . . V> ■ ■ ■ A 

(10.6) 

where L V i denotes Lie differentiation in the direction of v l . This differs from the 
convention used in our previous research paper, e.g. Il30l . OTTl ll33l where we did not 
add any constants before d and d*. This lead to a change in the divergence of q- vector 
fields by a factor of q 

div oM (V) = q div new (n (10.7) 
By our conventions if / is a function on M, 

((dfAfaij) = (faL df i>). (10.8) 
d(ffa = dfA<f> + fdfa (10.9) 
div(fV) = f{divV) + L V (df). (10.10) 

11 Appendix B: Brackets of vector fields, torsion, and d<j)(v l A v 2 ) 

Lie brackets of H- vector fields have been discussed in many places, e.g. EE], lfT9l . 
[|55l . for completeness, and definitiveness, we give a definition and some properties 
here. The torsion of the damped Markovian connection is also described, for explicit 
formulae see ifToll . We refer to ll36ll for the Sobolev calculus of sections of TC, related 
bundles, and smooth bundles such as L 2 TC X0 M. The latter will always be taken here 
with its pointwise connection. 
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Proposition 11.1 The inclusion map ofTC into L 2 TC X0 M is in E) p l for 1 ^ p < oo 

as a section of L%(Ji.\ L 2 TC X0 M) and any H -vector field V in D p,1 7i, or W p,1 Ti., is 
a D p ' , or W p '\ section of L 2 TC Xo M. Moreover for such V the pointwise (weak) 
covariant derivative V~V is an LP section of £(H; TC Xo M). 

Proof. For the first assertion it suffices to show that the map 

Q : C X0 M -> £ 2 (H;L 2 ([0,T];R m )) 

given by 

is in DP' 1 . However 0(a)(h) t = Y a(t) W t f^W^XiaisMh^ds and so the result 
holds from standard arguments, as in (2j|. For the claim about sections we can apply 
the corresponding arguments to a i— ► Q(a)(U(a)) for U E D p,1 (C Xo M ; H), or in 
W p,1 (C a:o M; H); in the latter case it is only necessary to consider the composition 
with X, see Theorem l5.1[ In particular the final assertion comes from standard results 
giving the continuity in t of the derivative of (0 o T)(U o T) t : CoR m — > R m eg as 
[|63l page 106. Alternatively the derivative can be calculated explicitly as in ■ 

Definition 11.2 . If V 1 and V 2 are in W P ' X H define their Lie bracket by 

[V \V 2 ] = V v iV 2 -V V2 V\ 

where V is the pointwise connection defined by formula (I9.ll ). 

By the Proposition [V 1 , V 2 ] is then a measurable vector field, i.e. section of TC X0 M. 
Since the pointwise connection restricts to a torsion free connection on TC XQ M this 
definition agrees with the usual one. Moreover if / : C X0 M — > R is smooth and 
cylindrical we have 

didfiV'W 1 = V V i(df)V 2 + df(V V iV 2 ) 

so that 

d{df{V 2 ))V l - d(df(V l ))V 2 = df([V\ V 2 ]) 
as usual. The torsion T(l /1 , V 2 ) is defined as a measurable vector field by 

T<y\ V 2 ) = W v iV 2 - WV2V 1 - [V\ V 2 ]. 

To see the torsion as an "H-tensor field" use the LW characterisation of the point- 
wise connection to observe first that 

T(V\V 2 ) = W v iV 2 - M7 V 2V l - V v iV 2 + V V 2V l 

= W v iV 2 - XdiYV^V 1 - WV2V 1 + XidiYV^V 2 . 
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Now consider the restriction of Y to H as a section of C2CH', L 2 ([0, T]; R m )). As 
above it lies in D p l , 1 < p < oo with W a section of £ 2 (ft; ACty L 2 ([0, T]; R m )). 
Then 

V v i1/ 2 - XdiYV^V 1 = -X(W v iY)V 2 

and so 

T(V\ V 2 ) = X UWyzYW 1 - (W v iY)V 2 ) . 

From this we see we can consider the torsion as a section of £ 2 (A 2 H; TC X0 M). 
Alternatively noting that Y maps H into Co([0, T]; R m ) and arguing as before we see 
that it gives a section of £ s kew(H, T~t] TC Xo M). In both cases the sections are in L p 
for all 1 < p < oo. 

Finally we give the result used in fj8j 

Proposition 11.3 If 4> is a smooth cylindrical 1-form and V 1 , V 2 are in W p,1 7i then, 
almost surely, 

2d(p(V 1 A V 2 ) = L V idL V 2<f> - L V2 di v i(f) - <p([V\ V 2 ]). 
Proof. Using the pointwise connection on the sections of T*C Xo M : 

Lyldiy2(f) — lyidly\<\) — (f)([V , V 2 ]) 
= (Vy^)(V 2 ) + <f)(Vyi)V 2 - (Vy^XV 1 ) - ^VyzV 1 ) - <P{[V\ V 2 ]) 
= \7yi(j)(V 2 )-Vv2 ( j)(V 1 ) 

= l -d<j>(V\V 2 ) 

by the standard formula, as the pointwise connection V has no torsion. ■ 
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